This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCNS.2015.2506905, IEEE

Transactions on Control of Network Systems

IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS

Emergent Behaviors over Signed Random
Dynamical Networks: Relative-State-Flipping Model

Guodong Shi Member, IEEE, Alexandre Proutiere, Mikael Johansson, John. S. Baras Life Fellow, IEEE,
and Karl H. Johansson Fellow, IEEE

Abstract—We study asymptotic dynamical patterns that
emerge among a set of nodes interacting in a dynamically evolving
signed random network, where positive links carry out standard
consensus and negative links induce relative-state flipping. A
sequence of deterministic signed graphs defines potential node
interactions that take place independently. Each node receives a
positive recommendation consistent with the standard consensus
algorithm from its positive neighbors, and a negative recom-
mendation defined by relative-state flipping from its negative
neighbors. After receiving these recommendations, each node
puts a deterministic weight to each recommendation, and then
encodes these weighted recommendations in its state update
through stochastic attentions defined by two Bernoulli random
variables. We establish a number of conditions regarding almost
sure convergence and divergence of the node states. We also
propose a condition for almost sure state clustering for essentially
weakly balanced graphs, with the help of several martingale con-
vergence lemmas. Some fundamental differences on the impact
of the deterministic weights and stochastic attentions to the node
state evolution are highlighted between the current relative-state-
flipping model and the state-flipping model considered in Shi et
al., IEEE Transaction on Control of Network Systems, 2015.

Keywords. Random graphs, Signed networks, Consensus
dynamics, Belief clustering

I. INTRODUCTION

The emergent behaviors, such as consensus, swarming,
clustering, and learning, of the dynamics evolving over a large
complex network of interconnected nodes have attracted a
significant amount of research attention in the past decades
[2]-[6]. In most cases node interactions are collaborative,
reflected by that their state updates obey the same rule
which is spontaneous or artificially designed aiming for some
particular collective task. This however might not always be
true since nodes take on different, or even opposing, roles,
where examples arise in biology [8], [9], social science [10]-
[12], and engineering [13].

Consensus problems aim to compute a weighted average
of the initial values held by a collection of nodes, in a
distributed manner. The DeGroot’s model [2], as a standard
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consensus algorithm, described how opinions evolve in a
network of agents, and showed that a simple deterministic
opinion update based on the mutual trust and the differences
in belief between interacting agents could lead to global
convergence of the beliefs. Consensus dynamics have since
then been widely adopted for describing opinion dynamics in
social networks, e.g., [6], [7], [14]. In engineering sciences,
a huge amount of literature has studied these algorithms for
distributed averaging, formation forming and load balancing
between collaborative agents under fixed or time-varying in-
teraction networks [15]-[22]. Randomized consensus seeking
has also been widely studied, motivated by the random nature
of interactions and updates in real complex networks [23]-
[30].

This paper aims to study consensus dynamics with both
collaborative and non-collaborative node interactions. A con-
venient framework for modeling different roles and relation-
ships between agents is to use signed graphs introduced in the
classical work by Heider in 1946 [10]. Each link is associated
with a sign, either positive or negative, indicating collabora-
tive or non-collaborative relationships. In [34], a model for
consensus over signed graphs was introduced for continuous-
time dynamics, where a node flips the sign of its true state
to a negative (antagonistic) node during the interaction. The
author of [34] showed that state polarization (clustering) of
the signed consensus model is closely related to the so-called
structural balance in classical social signed graph theory [37].
In [35], the authors proposed a model for investigating the
transition between agreement and disagreement when each
link randomly takes three types of interactions: attraction,
repulsion, and neglect, which was further generalized to a
signed-graph setting in [36].

We assume a sequence of deterministic signed graphs
that defines the interactions of the network. Random node
interactions take place under independent, but not necessar-
ily identically distributed, random sampling of the environ-
ment. Once interaction relations have been realized, each
node receives a positive recommendation consistent with the
standard consensus algorithm from its positive neighbors.
Nodes receive negative recommendations from its negative
neighbors. After receiving these recommendations, each node
puts a (deterministic) weight to each recommendation, and
then encodes these weighted recommendations in its state
update through stochastic attentions defined by two Bernoulli
random variables. In [1], we studied almost sure convergence,
divergence, and clustering under the definition of Altafini [34]
for negative interactions, for which we referred to as a state-
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flipping model.

In this paper, we further investigate this random consen-
sus model for signed networks under a relative-state-flipping
setting, where instead of taking negative feedback of the
relative state in standard consensus algorithms [2], [4], a
positive feedback takes place along every interaction arc of
a negative sign. This relative-state flipping formulation is
consistent with the models in [35], [36], and can be viewed as
a natural opposite of the DeGroot’s type of node interactions.
For the proposed relative-state-flipping model, we establish a
number of conditions regarding almost sure convergence and
divergence of the node states. We also propose a condition
for almost sure node state clustering for essentially weakly
balanced graphs, with the help of several martingale conver-
gence lemmas. Some fundamental differences on the impact of
the deterministic weights and stochastic attentions to the node
state evolution are highlighted between the current relative-
state-flipping model and the state-flipping model.

The remainder of the paper is organized as follows. Section
IT presents the network dynamics and the node update rules,
and specifies the information-level difference between the
relative-state-flipping and state-flipping models. Section III
presents our main results; the detailed proofs are given in
Section IV. Finally some concluding remarks are drawn in
Section V.

Graph Theory, Notations and Terminologies

A simple directed graph (digraph) G = (V, &) consists of
a finite set V of nodes and an arc set £ C V x V, where
e = (i,7) € & denotes an arc from node i € V to j € V
with (i,4) ¢ & for all ¢ € V. We call node j reachable from
node ¢ if there is a directed path from ¢ to j. In particular
every node is supposed to be reachable from itself. A node
v from which every node in V is reachable is called a center
node (root). A digraph G is strongly connected if every two
nodes are mutually reachable; G has a spanning tree if it has
a center node; G is weakly connected if every two nodes are
reachable from each other after removing all the directions of
the arcs in £. A subgraph of G = (V, &), is a graph on the
same node set ) whose arc set is a subset of £. The induced
graph of V; C V on G, denoted G|V, is the graph (V;, &;) with
E = (Vi x V;) NE. A weakly connected component of G is
a maximal weakly connected induced graph of G. If each arc
(i,4) € & is associated uniquely with a sign, either ’4’ or *—’,
G is called a signed graph and the sign of (¢, j) € £ is denoted
as 0;;. The positive and negative subgraphs containing the
positive and negative arcs of G, are denoted as Gt = (V,ET)
and G~ = (V,£7), respectively.

Depending on the argument, | - | stands for the absolute
value of a real number, the Euclidean norm of a vector or
the cardinality of a set. The o-algebra of a random variable
is denoted as o(-). We use PP(-) to denote the probability and
IE{-} the expectation of their arguments, respectively.

II. RANDOM NETWORK MODEL AND NODE UPDATES

In this section, we present the considered random network
model and specify individual node dynamics. We use the same

definition of random signed networks as introduced in [1],
where each link is associated with a sign indicating cooperative
or antagonistic relations. In the current work we study relative-
state-flipping dynamics along each negative arcs, in contrast
with the state-flipping dynamics studied in [1]. The main
difference of the information patterns between the two models
will also be carefully explained.

A. Signed Random Dynamical Networks

Consider a network with a set V = {1,...,n} of n nodes,
with n > 3. Time is slotted for ¢t = 0,1,.... Let {G; =
(V,St)}go be a sequence of (deterministic) signed directed
graphs over node set V. We denote by o;;(t) € {+,—} the
sign of arc (i,j) € &. The positive and negative subgraphs
containing the positive and negative arcs of G, are denoted
by G = (V,&") and G; = (V, &), respectively. We say
that the sequence of graphs {G;},>¢ is sign consistent if the
sign of any arc (¢, j) does not evolve over time, i.e., if for any
s,t >0,

(i,7) € & and (4,j) € & = 045(s) = 04;(1).

We also define G, = (V,&,) with & = [J;2, & as the total
graph of the network. If {G,};>¢ is sign consistent, then the
sign of each arc &, never changes and in that case, G, =
(V, &) is a well-defined signed graph. The notion of positive
cluster in a signed directed graph is defined as follows.

Definition 1: Let G be a signed digraph with positive
subgraph G*. A subset V, of the set of nodes V is a positive
cluster if V, constitutes a weakly connected component of
gr. A {‘)OSitive cluster partition of G is a partition of V into
V = ;5 Vi for some T}, > 1, where for all i = 1,...,T,,
V; is a positive cluster.

Note that G admitting a positive-cluster partition is a
generalization of the classical definition of weakly structural
balanced graph for which negative links are strictly forbidden
inside each positive cluster [38]. Given any node ¢, there is a
unique weakly connected component of G that contains the
node 7 (particularly, if all arcs pointing to and leaving from
node 7 are negative, node ¢ by itself is a weakly connected
component of G* from the definition). Therefore, it is clear
that for any signed graph G, there is a unique positive cluster
partition V = UiT:"1 V; of G, where T, is the number of
positive clusters covering the entire set 1V of nodes.

Each node randomly interacts with her neighboring nodes
in G; at time ¢. We present a general model on the random
node interactions at a given time t. At time ¢, some pairs
of nodes are randomly selected for interaction. We denote by
FE; C &; the random subset of arcs corresponding to interacting
node pairs at time ¢. To be precise, Ly is sampled from the
distribution y; defined over the set £2; of all subsets of arcs in
&:. We assume that Ey, F1, ... form a sequence of independent
sets of arcs. Formally, we introduce the probability space
(6, F,P) obtained by taking the product of the probability
spaces (¢, St, ut), where S; is the discrete o-algebra on €
O = Ht>0 Qy, F is the product of g-algebras S;, t > 0, and
P is the product probability measure of p:,¢ > 0. We denote
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Figure 1. A signed network and its three positive clusters. The positive arcs are solid, and the negative arcs are dashed. Note that negative arcs are allowed

within positive clusters.

by Gy = (V, E;) the random subgraph of G, corresponding
to the random set E; of arcs. The disjoint sets E;" and E;
denote the positive and negative arc set of E, respectively.
Finally, we split the random set of nodes interacting with
node ¢ at time ¢ depending on the sign of the corresponding
arc: for node i, the set of positive neighbors is defined as
N;"(t) == {j : (j,i) € B}, whereas similarly, the set of
negative neighbors is N; (t) := {j : (j,i) € E; }.

B. Node updates

Each node ¢ holds a state s;(t) € R at ¢t = 0,1,.... To
update her state at time ¢, node ¢ considers recommendations
received from her positive and negative neighbors:

(i) The positive recommendation node 7 receives at time ¢ is

B == Y (i) — 55(0));

—
jGNi (t)

(i) The negative recommendations node ¢ receives at time ¢
is defined as:

Yo (silt) = s5(0)).

JEN, (t)

In the above expressions, we use the convention that summing
over empty sets yields a recommendation equal to zero, e.g.,
when node i has no positive neighbors, then ; (t) = 0. In
view of the definition of h; (t) in contrast to h; (¢), the model
is referred to as the relative-state-flipping model.

Remark 1: In [1], we have considered another notion of
negative recommendations, namely the state-flipping model
introduced in [34], defined as h; (t) := — ZjeN;(t) (s:(t) +
S; (t)) We remark that for the relative-state-flipping model, the
network does not require a central global coordinate system
and nodes can interact based on relative state only. As has been
pointed in [1], in the state-flipping model, the network nodes
are necessary to share a common knowledge of the origin of
the state space.

Remark 2: The two definitions of negative recommen-
dations, the relative-state-flipping model considered in the

current paper, and the state-flipping model studied in [1],
[34], have different physical interpretations and make different
assumptions on the knowledge that nodes possess about their
neighbor relationships. In the state-flipping model, naturally
it is the head node along each negative arc, that possesses
the knowledge of sign of that arc. In the relative-state-flipping
model, on the other hand, it is the fail node knows the sign of
each directed arc so that nodes know if a specific neighbor is
positive or negative to implement the state updates that cause
the repulsive influence from its negative neighbors.

Let {B;};>0 and {D,};>0 be two sequences of indepen-
dent Bernoulli random variables. We assume that {B;};>0,
{D;}t>0, and {Gi}i>0 define independent processes. For
any ¢ > 0, define by = E{B;} and d; = E{D;}. The
processes { B, }¢>0 and { D, };>0 represent how much attention
node ¢ pays to the positive and negative recommendations,
respectively. Node ¢ updates her state as follows:

si(t+ 1) = s;(t) + aBihi (t) + BD:h (1), (1)

where a, 8 > 0 are two positive constants marking the weight
each node put on the positive and negative recommendations,
respectively. For the value of «, we impose the following
assumption.

Al. (i) There holds o € (0, (n—1)71); (i) There is a constant
p« € (0,1) such that for all ¢ > 0 and i,j € V, P((i,5) €
E;) > p. if (i,]) € &

The Assumption Al.(i) is just to ensure that the node
update rule (1) falls to standard consensus algorithms with
positive recommendations only, which has to be made a bit
conservative since we aim to build the results on general
random dynamical networks. This bound for « can certainly
be relaxed without affecting any of our results if the random
dynamical network takes certain particular forms, e.g., it will
only require o € (0, 1) for the upcoming analysis if gossiping
processes [24] are considered. The Assumption Al.(ii) is a
regularity condition to the arc existence in different time slots,
which is in fact quite general and holds for many existing
random network models, e.g., [23], [25], [26]. The Assumption
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Al will be adopted throughout this paper without specific
further mention.

Let s(t) = (s1(¢). ..sn(t))T be the random vector rep-
resenting the network state at time ¢. The main objective
of this paper is to analyze the behavior of the stochastic
process {s(t)}i>0. In the following, we denote by PP the
probability measure capturing all random components driving
the evolution of s(t).

In the remainder of the paper, we establish the asymptotic
properties of the network state evolution under relative-state-
flipping model. As will be shown in the following, the state-
flipping and relative-state-flipping models share some com-
mon nature, e.g., almost sure state convergence/divergence,
no-survivor property, etc. In the mean time these common
properties can be driven by fundamentally different parameters
regarding network connectivity and recommendation weights
and attentions. We introduce a few assumptions on the random
graph process and dynamical environment.

A2. {G:}i>0 is sign consistent admitting a total graph G..

A3. The events {(i,7) € E}, i,5 € V, t = 0,1,... are
independent and there is a constant p* € (0,1) such that for
all t >0 and i,j € V, P((i,5) € E;) < p* if (i,]) € &

The Assumption A2 ensures that although the arc sets of
gj and G, can be time-varying, there is no arc that varies its
sign over time. This means that the nature of the relationship
(positive or negative) between any two nodes is fixed while the
underlying interaction structure is changing. The Assumption
A3 is a technical assumption, which again can be verified for a
large class of random network models studied in the literature,
e.g., [23], [25], [26].

III. MAIN RESULTS

In this section, we present the main results for the asymp-
totic behaviors of the random process defined by the consid-
ered relative-state-flipping model.

A. General Conditions

First of all, the following theorem provides general condi-
tions for convergence and divergence.

Theorem 1: Assume that for any ¢t > 0, G = G for
some digraph G, and that each positive cluster of G admits
a spanning tree in G*. For Algorithm (1) under the relative-
state-flipping model, we have:

(i) If 3,2 dy < oo, then P(limy_o si(t) exits) = 1 for
all node ¢ € V and all initial states s(0);

@) If Zfi odt = 00, G has two positive clusters with no
negative links in each cluster, and there is a negative arc
between any two nodes from different clusters, then there
exist an infinite number of initial states s(0) such that

t—00 1,5

P( lim max si(t) — s;(t)] = 00) = 1. (2)

Note that by saying lim; o s;(t) exits, we mean s;(t)
converges to a finite limit. The first part of the above theorem

indicates that when the environment is frozen, and when
positive clusters are properly connected, then irrespective of
the mean of the positive attentions {b;}5°, the system states
converge if the attention each node puts in her negative
neighbors decays sufficiently fast over time. The second part
of the theorem states that when this attention does not decay,
divergence can be observed.

Remark 3: Theorem 1 shows that well-structured positive
arcs and asymptotically decaying attention guarantee state con-
vergence for relative-state-flipping model. The essential reason
is that when Z;’i o d¢ < 00, the first Borel-Cantelli lemma (cf.
Theorem 2.3.1, [32]) ensures that along almost every sample
path, negative interactions happen only for a finite number of
time instants. The positive interactions continue to guide the
network states to a finite limit under suitable connectivity. It
is then clear that the same condition can also guarantee state-
convergence for the state-flipping model considered in [1].

In fact, for the state convergence property of the state-
flipping model, a much stronger conclusion regarding state
convergence was shown (Theorem 1 in [1]) indicating that
each positive/negative arc contributes to the state convergence
under constant attention {b;} and {d;}, as long as a + 8 <
(n —1)~1. We can easily build examples showing that it is a
completely different story on this matter for the relative-state-
flipping model considered in the current paper.

Remark 4: The divergence statement in Theorem 1 is not
true for the state-flipping model [1], where almost sure state
divergence always requires sufficiently large 5.

B. Deviation Consensus

We define almost sure deviation consensus as follows.

Definition 2: Algorithm (1) achieves almost sure deviation
consensus if

P( lim sup max |s;(¢) — s;(t)] =0) = 1.
(tim sup ma [5,(t) = ;(t)| = 0)

Note that almost sure deviation consensus means that the
distances among the node states converge to zero, but con-
vergence of each node state is not required. We need the
following condition on the positive graphs, which assumes a
directed spanning tree in the union graph of the environment
over certain bounded time intervals [19].

A4. There is an integer K > 1 such that the union graph
Gr([t,t + KJ]) = (VivUTe[t,t-s-K—u &) has a spanning tree
for all ¢ > 0.

Theorem 2: Assume that A4 holds. Denote Ky = (2n—3)K
and p, = min{a, 1 — (n — 1)a}. Define

n1 I, (m+1)Ko—1

X = P2 AL =),
and
(m+1)Ko—1
Ym=(1+28-1))" (1~ J[ @-a)).

t=mKj
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Then under the relative-state-flipping model, if 0 < X, —
Y,, < 1forall m > 0 and Z::o (Xn—Y,,) = oo, Algorithm
(1) achieves almost sure deviation consensus for all initial
states.

The following corollary is a direct consequence from
Theorem 2, obtained by straightforward verification of the
parameter conditions in Theorem 2.

Corollary 1: Assume that A4 holds. Let by = b and d; = d
with b,d € (0, 1). Then there exists d, > 0 such that deviation
consensus is achieved almost surely whenever d < d,.

Note that, deviation consensus does not necessarily guaran-
tee the convergence of the state of each node. In fact, simple
examples can be constructed with arbitrarily small S such that
under the relative-state-flipping model, the state of each node
grows arbitrarily large while deviation consensus still holds.
This fact is in sharp contrast with the result for the state-
flipping model: the condition v+ 3 < (n — 1)~ prevents the
state of individual nodes to diverge (i.e., Theorem 1 in [1]).

C. Almost Sure Divergence

We continue to provide conditions under which the maximal
gap between the states of two nodes grows large almost surely.
We introduce a new technical condition on the negative graph,
which assumes that the negative arcs span the entire network
leading to a weakly connected graph over certain bounded
time intervals.

AS. There is an integer K > 1 such that the union graph
G ([t.t+ K1) = (VU epsrr 1y &) is weakly connected
for all ¢ > 0.

Theorem 3: Assume that A3 and A5 hold. Let by = b
and d; = d for some constants b,d € (0,1). In addition
we require « € [0,(n — 1)71/2). Then for Algorithm (1)
under the relative-state-flipping model, there is b, > 0 such
that whenever b < b,, we have IP(limt_>OO max; jey |5 (t) —
s;(t)] = oo) = 1 for almost all initial states (under the
standard Lebesgue measure).

Remark 5: Theorem 3 indicates that in relative-state-flipping
model, almost sure relative-state divergence can be achieved
as long as negative interactions happen sufficiently more often
than the positive interactions. As explained in above remarks,
for state-flipping model, state divergence necessarily require
sufficiently large weight on negative recommendations.

D. State Clustering

Finally, we investigate the clustering of states of nodes
within each positive cluster. The following assumption ensures
a minimum level of connectivity inside each positive cluster
as the environment changes.

A6. Assume that A2 holds and let V = UiT:‘”1 V; be a positive-
cluster partition of the total graph G.. There is an integer
K > 1 such that the union graph G*([t,t+ K]) |V1- =
Vi, Uregt,trr—1] 5j|vi) has a spanning tree for all ¢ > 0.

Theorem 4: Assume that A2 and A6 hold and let
V = U;rz"l V; be a positive-cluster partition of G,. Define

J(m) = [T 20 by and W(m) = {0507 dy with
Ko = (2n — 3)K. Further assume that »_ - J(m) = oo,

Yoo de < 0o, and limy, o W(m)/J(m) = 0. Then under
the relative-state-flipping model, for any initial state s(0),
Algorithm (1) achieves a.s. state clustering in the sense that
there are T, real-valued random variables, w7, ... ,wi}p, such
that

IP( lim s;(t) = w}

t—o0 77

i€V, jzl,...,Tp>:1.

Theorem 4 shows the possibility of state clustering for
every positive cluster, whose proof is based on a martingale
convergence lemma.

IV. PROOFS OF STATEMENTS

In this section, we establish the proofs of the various
statements presented in the previous section.

A. Supporting Lemmas
The following is a martingale convergence lemma (see e.g.

[33D).

Lemma 1: Let{v:};>0 be a sequence of non-negative ran-
dom variables with E{vg} < co. Assume that for any ¢t > 0,

E{Ut+1|’00, e ,’Ut} S (1 — gt)’l}t + Gt,

where {&,}1>0 and {6, },>¢ are two (deterministic) sequences
of non-negative numbers satisfying vt > 0, 0 < & < 1,
Yoreo& =00, Yooyt < 0o, and limy_,o 6,/& = 0. Then
limy_ oo v; = 0 a.s..

We define h(t) := min;ey s;(t), H(t) := max;ey s;(t),
and H(t) := H(t) — h(t), which will be used throughout the
rest of the paper. The following lemma holds.

Lemma 2: Assume that Y ,~ d; < oo. Then under the
relative-state-flipping model, for all initial states, each of h(t),
H(t), H(t) converges almost surely, respectively, to some
random variables that take finite values with probability one.
Proof. If Dy = 0, then there hold
H(t+1) < H(1);
h(t +1) = h(t); 3)
H(t+1) < H(t);

in view of the condition o € [0, (n — 1)~ 1].

Based on the first Borel-Cantelli Lemma (cf. Theorem 2.3.1,
[32]), >, di < oo ensures that

IP(Dt =1 for finitely many t) =1
In other words, we can define!

Tp := sup {Dt = 1},
t

'From its definition it is clear that 7p is not a stopping time. Our argument
however relies only on the fact that P(7p < oo) = 1.
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which is finite with probability one. This is to say, the
inequalities in (5) hold almost surely for t > 7p.

As a result, we conclude that

h(Ip) < h(t) < h(t+1) < H(t+1) < H(t) < H(1Ip)
“4)

for all ¢ > Ip. It is obvious that both h(Zp) and H(Ip)
are random variables taking finite values with probability
one. The almost sure convergence of h(t) and H(t) therefore
follows directly from (4), which in turn implies the almost
sure convergence of ().

We have now completed the proof. |

Lemma 3: Assume that y_,° / d; < co. Assume that for any
t >0, G, = G for some digraph G. Let VT be a positive cluster
of G. Then HT(t) := max;cy+ 5;(t) and At := min;cp+ 5;(t)
converge almost surely, respectively, to some random variables
that take finite value with probability one.

Proof. Similarly, there hold

H(t+1) < H'(t);
AT(t+ 1) > hi(t); (5)
HI(t+1) <HI(t);

if Dy = 0. The desired conclusion follows from the same
argument as the proof of Lemma 2. |

Lemma 4: Assume that D; = 0fort =0,...,2(n—2)K—1.
Take ¢ € V. Then for any ¢t = 0,...,2(n — 2)K — 1, there
hold

(i) If s;(t) < Coh(0) + (1 — ¢o)H(0) for some ¢y € (0,1),
then s;(t + 1) < AGoh(0) + (1 — A\Co)H(0), where
M =1—a(n—1);

(i) If s;(t) < ¢oh(0) + (1 — (o) H(0) for some (y € (0,1),
B, =1, and (4, j) € Gy, then s;(t+1) < aoh(0)+(1—
alo)H(0).

Proof. Note that the conditions that D; = 0 for ¢t =

0,...,2(n—2)K—1and a € (0,(n—1)"1) yield H(t+1) <

H(t) and h(t +1) > h(t) forall t =0,...,2(n — 2)K — 1.

(). If Dy = 0 and s;(¢) < ¢oh(0) + (1 — ¢o)H(0) for some
¢o € (0,1), then

si(t+ 1) = s;(t) + aBhf (1)
<si(t)—a Y (si(t) = s5(t))
FENF(t)
< (1=l NF ())si(t) + alN; ()| H (2)
< (1= a|N;" () (Goh(0) + (1 = ¢o)H(0))
+al N (t)[H(0)
< AGoh(0) + (1 — AuCo) H(0) (6)

in light of the fact that o € (0,(n — 1)7!), where \, =
1—a(n-1).

(i) IF :(t) < Coh(0) + (1 — Co)H(0) for some Gy € (0, 1),
B, =1, and (4, j) € Gy, there holds that

sit+1) =s;(t)—a Y (s;(t) = sk())
keNG (t)
= (1 —a|NJ(#)])s;(t) + asi(t)
> sk
RENT (O\(1}
< (1 —a)H(t) + a(¢h(0) + (1 — (o) H(0))
< aoh(0) + (1 — ao)H(0). (7

This proves the desired lemma. ]

+ «

B. Proof of Theorem 1

(). Let > ,oyd; < oo. Then as long as Y ogb < oo,
the first Borel-Cantelli Lemma guarantees that almost surely,
each node revises its state for only a finite number of slots,
which yields the desired claim follows straightforwardly. In
the following, we prove the desired conclusion based on the
assumption that >°;° by = oo.

With Z:i o di < 0o, from the first Borel-Cantelli Lemma,

K,:=inf{k>0: D, =0,Vt > k}

is a finite number almost surely. We note that K, is not a
stopping time for {D,};>0, but a stopping time for {B;};>¢
by the independence of {B; };>¢ and {D,};>o. Hence, we can
recursively define

Km+1 :1nf{t>Kth:1}, m:O,l,...

with Ky := inf{t > K, : By = 1}, which are are stopping
times for {B;};>0. Now in view of the independence of
{Gi}1>0 and {B;}i>0, we know that {Gk,, }m>0 is an inde-
pendent process and each G, satisfies P((i, ) € Fk,,) >
ps for all (i,7) € G under Assumption Al.

Let V1 be a positive cluster of G. By assumption, G|V has
a spanning tree. Since o < 1/(n — 1), the above discussion
shows that at times K,,,,m = 0,1, ..., the considered relative-
state-flipping model defines a standard consensus dynamics on
independent random graphs where each arc exists with prob-
ability at least p, for any fixed time slot. Therefore, applying
Theorem 3.4 in [39] on randomized consensus dynamics with
arc-independent graphs, we conclude that the connectivity of
VT ensures that

P( lim H'(Ky)=0) =1,
where H'(t) = max;cy+ 5;(t) — min;cypt s;(¢). This immedi-
ately gives us
P( lim H'(t) =0) =1

t—o0
by the definition of the K,,.

Finally, according to Lemma 3, both max;cy+ s;(t) and
min;ey ;(t) converge almost surely. Define their limits as,
respectively, . T and !, which are finite with probability one.
The fact that P(lim;_,oc H'(t) = 0) = 1 immediately leads

to H:[ = hl almost surely. As a result, we conclude that

P(tli)rrolosi(t) =Hl=hl)=1
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for all i € V1.

Since V! is chosen arbitrarily, we further know
P (lim¢—, o0 5i(t) exits) = 1 for all node i € V and all
initial states s(0). This proves the desired statement.

(i) Let V; and Vs, be the two positive-clusters of G. Let
5i(0) = 0,7 € V; and s;(0) = Cy,i € Vy for some Cy > 0.
We define

fi(t) == ?é:%}}l( si(t); fa(t) := min si().

Since the either of the positive cluster contains positive links
only and a € (0, (n — 1)~1), there always holds that

fHt+1) < fit); falt+1) = folt).

Now that there is a negative arc between any two nodes from
different clusters, it is straightforward to see that

fo(t+1) = f1t+1) = 1+ B)(f2(t) — f1(1))
> fa(t) — f1(t) + Co ®)

whenever D; = 1 and either (i.,j«) € Fy or (ji,ix) € Ey
with i, = argmax;cy, $;(t) and j, = argmin;ecy, s;(t). In
light of Assumption Al, the second Borel-Cantelli Lemma
(cf., Theorem 2.3.6, [32]) leads to that the event defined in (8)
happens infinitely often with probability one when Y > d; =
00. The desired conclusion follows immediately.

The proof is now complete. ]

C. Proof of Theorem 2

The proof relies on Lemma 1, cf., [29] for the analysis of
randomized consensus. We proceed in steps.

Step 1. Consider 2n — 3 intervals [mK, (m + 1)K —1],m =
0,...,2(n—2). In this step, we select a few key intervals from
them.

With Assumption A4, there is a center node v, € V in each
of G([mK, (m+1)K —1]). Therefore, we count 2n — 3 center
nodes (repetitions are allowed, of course) in the 2n — 3 inter-
vals. There must hold that either s,, (0) < (h(0)+H(0))/2 or
Sv,, (0) > (h(0) + H(0))/2 for each m = 1,...,2n — 3. This
is to say, we can find n — 1 center nodes (again, repetitions
are allowed) out of the v,,’s, denoted vy, ,...,Vm,_,, such
that either

F H
%WUDSA&D+ALQ,j:L“wn—1 9)
J 2 2
or
h(0)  H(0) .
SU”LJ‘(O)>T+T’J_l""’n_l (10)
holds.

Step 2. In this step, we establish a probabilistic bound for
H(Ky). To this end, we first assume that (9) holds.

Let D; =0fort=0,...,2(n—2)K — 1. We carry out the
following recursive argument:

1) By our selection v,,, is a center node of the graph
G(InK,(rnn +1)K — 1)) for some 71 =0,...,2(n — 2)
with s,,, (0) < (h(0)+ H(0))/2. Applying Lemma 4.(i)
we conclude that

pie
2

S, (0) < 225000) + (1= Z0) (0,

where K and p, are defined in the statement of Theorem
2.

2) Since v,,, is a center, there exist t; € [ K, (11 +1)K —
1] and j. # v, € V such that (vi,,,J.) € Ey, with
probability at least p,. If By, = 1 and (vp,,j«) € Et,,
then we can apply Lemma 4 and then conclude

P pie
£=h(0) + (1= Z-) H(0).

s5. (Ko) <

For convenience we re-denote v,,, and j, as u; and ua,
respectively.

3) We proceed for vp,,. If v, ¢ {ui,us}, applying
Lemma 4.(i) again and we can obtain the same bound
for s;, (Ko). Otherwise either v, = u1 or vm, = us
allows us to find another node wug with the bound for
Susg (KO) obtained as step 2).

From the selection of v,,,...,vm, ,, the above procedure
eventually gives us the same bound for nodes uq, ..., u,, and
calculating the probability of the required events in the above
argument we obtain

Ko

P(si(Ko) < ”ga hO)+ (1= ) H(0), i€ V)
Ko—1
>pr [T (b1 = dy)).
t=0
This implies
Ko Ko—1
P(H(Ko) < (1= Z)H©) = 7t [ (b1 —dy)-

t=0

(11

Using a simple coordinate change by y;(t) = —s;(¢) and
repeating the above analysis to the y;(¢), we immediately know
that (11) continues to hold for the case with (10).

Step 3. In this step, we conclude the proof making use of
Lemma 1.

From the definition of the algorithm there always hold

PH(t+1) < (1+28(n—1)H(t) =1 (12
and
Kop—1
P(H(Ko) >H(0) <1- J[ 1 =dy). (13
t=0

Since {Bi}i>0, {D:}i>0, and {G;}>¢ define independent
processes, we conclude from (11), (12), and (13) that

E{H((m + 1)Ko)|H(mKo)} < (1 — X + Vi) H(mKo).

Then from Lemma 1 we immediately conclude the almost sure
convergence of H(ng) as m tends to infinity. The desired
almost sure convergence of #(t) holds by further noticing
(12). This completes the proof. ]

2325-5870 (c) 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCNS.2015.2506905, IEEE

Transactions on Control of Network Systems

IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS

D. Proof of Theorem 3

We first establish a technical lemma.

Lemma 5: Let a € [0, (n — 1)71/2). Then

() P(H(E+1) > (1-2(n — Da)H(D) = 1;

(i) P(H(t+1) < H(t)) <b.
Proof. (i) Take i,j € V satisfying s;(t) = h(t) and s,(t) =
H(t). Similarly as the proof of Lemma 4, we can establish
that almost surely,

si(t+1) < NhA(E) + (1= X\)H(¢) (14)

and

si(t+1) > MH(t) + (1 — A)h(t) (15)

hold, where A\, = 1 — a(n — 1). Noting that (14) and (15)
yield

H(t+1) > |s;(t+1) — si(t + 1)
> |2, — 1[H(t)

= (1—2(n— 1)a)H(t). (16)

Claim A is proved.

(i) If by = 0, only negative recommendations can be
effective in the node state update. The desired conclusion is
obvious. |

Now we define

Lo:=inf{t €Z:(1+6)" >2(n—1)}

and
K, = K((n®> =n)(Lo—1) +1).

Consider the K1,,/K = (n?> —n)(Lo — 1) + 1 time intervals
[mK, (m+ 1)K —1]

for m = 0,1,...,(n? —n)(Lo — 1). In view of Assumption
A5, each of the graph G~ ([mK, (m + 1)K — 1]) is weakly
connected.

As a result, there must be a pair of nodes, saying (wm,, Um ),
such that (up,v,,) € G ([mK,(m + 1)K — 1]) and
[$u,, (MK) — s, (mK)| > H(mK)/(n — 1). Note that
(Um,vm) € G~ ([mK, (m + 1)K — 1]) means that there is
tm € [mK,(m + 1)K — 1] such that (uy,,vnm) € G, . If
tm > mK, we now construct the following event?

E,, = {Bt = Dy = 0,t € [mK, ty, — 1}}.

Conditioned on E,,, obviously there holds |s,,, (tm) —
S, (tm)| = H(tm)/(n — 1) since H(ty,) = H(mK).

There are however at most n(n — 1) different arcs. Conse-
quently, there are two nodes ., j. € V and L intervals

[le, (m1 + l)K— 1}7 ,[7’71[10[(7 (mLO + I)K— 1}7

such that (i,,j.) € G~ (Im.K,(m. + 1)K — 1]) for z =
1,..., Lo with
|si, (M1 K) — sj, (m1K)| > H(miK)/(n—1). (17)

2Note that, U, Um, tm are all deterministic.

There are therefore Lg instants 73 < 7o < --- < 71, With
7. € [m.K,(m. + 1)K — 1] such that (i, j.) € G for all
z = 1, ey Lo.

Consider the following event:

E, = {DTk = 1,é. = N (), k = L,..., Lo;

B,=0foraltel0,Ky, — 1]}. (18)

From the above argument we know that the event ‘E, implies®

H(KL,) > |si. (Kry)=sj. (KL,)| > H(0)(1+8)"-(n—1) "

As a result, we can bound the probability of £, and conclude
P(H(KL,) 2 HO)A+B)" - (n=1)7")
> (dp.(1—p")"2) " (1 = b)Kro.

We can now apply the same argument as the proof of
Proposition 1 in [1]. With (19) and Lemma 5 there holds

19)

]E{ log H(KL,) — log’H,(O)}
> (dp.(1—p*)"2)"°(1 — b) Ko
log ((1 + Bk (n— 1)—1) +blog (1—2(n—1)a)

> (dp.(1 - p*)"72)" (1 = )40 log 2
+blog (1 —2(n—1)a)

>0 (20)

when b < b, for some sufficiently small b, > 0. We can
proceed to define U(m) = log H(mKy,) for m = 0,1,....
Recursively applying the above arguments to the process
{Um} we obtain that U(m) has a strictly positive drift when
b < by, which implies that liminf,, ,. U(m) = oo holds
almost surely.

This completes the proof. |

E. Proof of Theorem 4

Let us focus on a given positive cluster VI of G. We use
the following notations

U(t) = max s;(t), ¢ (t) = min s;(t), O(t) = W(t) — ().
ievt iept
Applying Lemma 2 on the positive cluster VT, we conclude
that each of O(t), ¥(¢), and ¢ (t) converge to a finite limit
almost surely if >, d; < .
In light of Assumption A6, applying the same argument we

used in order to establish (11) of Theorem 2 on the cluster
VT, we similarly have

]P(@((m +1)Ko) < (1- pgo )@(mKo)>
(m+1)Ko—1
>prt I (i —dy)). @1)
t=mKjy

3Here it is crucial to notice that H(t+ 1) > H(t) always holds if By = 0.
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Moreover, from the effect of the negative recommendations on
nodes in VT, we can easily modify (12) and (13) to that for
all ¢,

P(O(t+1) >0O(t) < d; (22)
and
IP(@(t +1) < (1+28(n— 1))7—L(t)) —1 (23
With (21), (22) and (23), we arrive at
E{O((m + 1)Ko)|©(m(Ky)) }
S (1 — Xm)@(mKo)
(m+1)Ko—1
+(1+28(n—1)) > dH(), (24)

t=mKj

where X,,, is defined in Theorem 2.

On the other hand, it holds from the structure of the
algorithm that #H(t + 1) < H(t) if D, = 0, and that
H(t+1) < (14 28(n—1))H(t) if Dy = 1. We therefore
deduce that:

E{H(t+ 1)|H(t)} < (1+2B(n — 1)d;) H(t). (25)
From (25) we know

< Ho ﬁ (1+2B(n—1)d;)

t=0

E(H(t))

for all £ > 0. Taking the expectation from the both sides of
(24), we obtain:

E{O((m+1)Ko)} < (1 Xn)E{O(mKy)}
[(1+25(n71 HOH 1+28(n—1)d }W
t=0 6)

where W (m) = ngrt}()fo_l dy.

Note that it is well known that .-,

IT5,(1

dy < oo implies
dt) > 0 and Ht 0(1 + 2,8(71 — l)dt) < oQ.

Consequently, > °_ J(m) = oo implies Y °_  X,, = oc.
In view of Lemma 1, we have
lim IE{G)( m+ )KO)} =0 27

m—r0o0

if lim,;, oo W(m)/J(m) = 0. Invoking Fatou’s lemma (e.g.,
Theorem 1.6.5, [32]), we further conclude that

E{ liminf ©((m + 1)Ko) } < lim E{O((m + 1)Ko)} =0,

(28)
which actually implies
B{ lim O((m+1)Kp)} =0 29)

since ©((m +
have reached

1)K0) converges almost surely. Therefore, we

P( lim ©((m+1)Ko) =0) =1, (30)
which in turn leads to
P( lim ©(t) =0) =1, 31)

t—o00

again, from the fact that ©(t) converges almost surely.
Finally, ©(t) converging almost surely to zero means that
U(¢) and 1 (t) must converge to the same limit (their con-
vergence is established in the beginning of the proof), which
must be the limit of the each node state in V. We have now
completed the proof. ]

V. CONCLUSIONS

This paper continued the study of [35], [36] investigating
a relative-state-flipping model for consensus dynamics over
signed random networks. A sequence of deterministic signed
graphs define potential node interactions that happen indepen-
dently but not necessarily i.i.d. The positive recommendations
are consistent with the standard consensus algorithm; negative
recommendations are defined by relative-state flipping from its
negative neighbors. Each node puts a (deterministic) weight
to each recommendation, and then encodes these weighted
recommendations in its state update through stochastic atten-
tions defined by two Bernoulli random variables. We have
established several fundamental conditions regarding almost
sure convergence and divergence of the network states. A
condition for almost sure state clustering was also proposed
for weakly balanced graphs, with the help of martingale
convergence lemmas. Some fundamental differences were also
highlighted between the current relative-state-flipping model
and the state-flipping model considered in [1], [34].
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